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We use pseudo-Newtonian potentials to compute the scalar radiation emitted by a source orbiting a
stellar object. We compare the results obtained in this approach with the ones obtained via quantum ﬁeld
theory in Schwarzschild spacetime. We ﬁnd that, up to the marginally stable circular orbit, the potential
that better reproduces the Schwarzschild results is the Nowak–Wagoner one. For unstable circular orbits,
none of the pseudo-Newtonian potentials considered in our analysis produces satisfactory results. We
show that the Paczyn´ski–Wiita potential, the most used in the literature to analyze accretion disks,
generates the least satisfactory results for the scalar radiation emitted by the source in circular orbit
around a Schwarzschild black hole.
© 2011 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
In the late 1970s B. Paczyn´ski and P.J. Wiita [1] proposed a way
to reproduce, without the use of general relativity, some relativis-
tic features of the Schwarzschild spacetime. This kind of approach
is carried out assuming that the gravitational interaction between
bodies occurs by means of a force in ﬂat spacetime, described by
potentials that became known as pseudo-Newtonian. These poten-
tials, which are essentially modiﬁcations of the Newtonian poten-
tial, allowed the analysis of accretion disks around Schwarzschild
black holes in the context of Newtonian gravity. Subsequent ex-
tensions of this approach have been related to several physical
situations, as runaway instability [2], spacetimes with rotation [3],
gravitational wave emission [4], spacetimes with cosmological con-
stant [5], spherical accretion onto compact objects [6], acoustic
perturbations on steady spherical accretion [7], coalescence of
black hole-neutron star binary systems [8], chaotic phenomena [9],
and others.
Among the pseudo-Newtonian potentials proposed along the
last 30 years to reproduce the structure of circular orbits in
black hole spacetimes, the Paczyn´ski–Wiita one still stands out
for its simplicity and accuracy. This potential can reproduce ex-
actly the marginally stable circular orbit (rms ≡ 6M), as well as
the marginally bounded circular orbit (rmb ≡ 4M), for a particle
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Open access under the Elsevier OA license.rotating around a Schwarzschild black hole. Even if incoherent ra-
diation generated by interactions within the disk may play a very
important role in the energy radiated from accretion disks, it is
also interesting to study the radiation emission processes related
to particles in circular motion around he black hole.
In this Letter, we present a different test to the pseudo-
Newtonian potentials, with an original and independent way to
verify their applicability, using them in the context of radiation
emission processes, in contrast to the usual studies based in clas-
sical mechanics and ﬂuid dynamics.
We use the pseudo-Newtonian potentials proposed by Paczyn´ski
and Wiita, Nowak and Wagoner [10], and Artemova et al. [11], as
well as the Newtonian potential, to compute the synchrotron scalar
radiation emitted by a source orbiting a stellar object in Minkowski
spacetime. We compare these results with the power emitted by
a source swirling around a Schwarzschild black hole, obtained in
the framework of quantum ﬁeld theory in curved spacetimes. We
obtain that, among the pseudo-Newtonian potentials considered
in this study, the Paczyn´ski–Wiita one gives the least satisfactory
results for this radiation emission problem.
We assume natural units c = h¯ = G = 1 and signature (+,−,
−,−) throughout this Letter.
2. Pseudo-Newtonian potentials
Pseudo-Newtonian potentials are modiﬁcations of the Newto-
nian potential
ϕ1(r) = −M (1)
r
L.C.B. Crispino et al. / Physics Letters B 697 (2011) 506–511 507Fig. 1. The speciﬁc mechanical energy, as a function of R , for a particle in uniform circular motion around a stellar object, computed using the potentials (1)–(5).(where M is mass of the central object), done to reproduce some
relativistic aspects of particles orbiting central objects.
Here we will be concerned with the following pseudo-Newton-
ian potentials:
(i) Paczyn´ski–Wiita potential [1]
ϕ2(r) = − M
r − 2M , (2)
(ii) Nowak–Wagoner potential [10]
ϕ3(r) = −M
r
[
1− 3M
r
+ 12M
2
r2
]
, (3)
(iii) Artemova et al. potentials [11]
ϕ4(r) = −1+
(
1− 2M
r
)1/2
, (4)
which we will refer to as Artemova et al. I, and
ϕ5(r) = 1
2
ln
(
1− 2M
r
)
, (5)
which will be referred to as Artemova et al. II.
From these potentials, we can ﬁnd the orbital structure of
a particle in uniform circular motion around a stellar object in
Minkowski spacetime for each case. With this aim, we use the def-
inition of the speciﬁc mechanical energy [1]
ei(r) ≡ 12 r˙
2 + 1
2
l2i
r2
+ ϕi(r),
where i = 1,2,3,4,5 stands for each of the potentials given by
Eqs. (1), (2), (3), (4), and (5), respectively. The speciﬁc angular mo-
mentum, li , is given by
li(r) =
(
r3
dϕi
)1/2
. (6)
drTherefore, the speciﬁc mechanical energy for each potential (1)–(5)
can be written as
e1(R) = − M
2R
,
e2(R) =
(
− M
2R
)[
(R − 4M)R
(R − 2M)2
]
,
e3(R) =
(
− M
2R
)(
1− 12M
2
R2
)
,
e4(R) = −1+ M
2R
(
1− 2M
R
)−1/2
+
(
1− 2M
R
)1/2
,
and
e5(R) = M
2R
(
1− 2M
R
)−1
+ 1
2
ln
(
1− 2M
R
)
,
respectively. The circular bounded orbits are obtained by impos-
ing ei(R) < 0 [1], where R is the radius of the circular orbit. The
marginally bounded orbit is deﬁned as the orbit for which the me-
chanical energy vanishes.
In Fig. 1 we plot the speciﬁc mechanical energy for the po-
tentials (1)–(5). We see that only the Paczyn´ski–Wiita potential
reproduces the exact value of the marginally bounded circular or-
bit provided by general relativity (rmb = 4M) [12]. We also see that
all orbits are bounded in the Newtonian case, as expected.
The stable orbits are such that dlidR > 0 [13,14]. Using Eqs. (1)–
(6), we ﬁnd
dl1
dR
= 1
2
(
M
R
)1/2
,
dl2
dR
= 1
2
(
M
R
)1/2[
(R − 6M)R
(R − 2M)2
]
,
dl3
dR
= 1
2
(
M
R
)1/2(
1− 36M
2
R2
)(
1− 6M
R
+ 36M
2
R2
)−1/2
,
dl4 = 1
(
M
)1/2 R − 3M(
1− 2M
)−1/4
,
dR 2 R R − 2M R
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potentials and the Newtonian potential.Table 1
Values of the marginally bounded orbit (rmb), marginally stable orbit (rms), and
eﬃciency (E), obtained assuming different pseudo-Newtonian and Newtonian po-
tentials, as well as assuming general relativity (GR).
Case rmb rms E
GR 4M 6M 0.0572
Newton – – 0.0833
Paczyn´ski–Wiita 4M 6M 0.0625
Nowak–Wagoner 3.46M 6M 0.0556
Artemova et al. I 2.25M 3M 0.0814
Artemova et al. II 2.81M 4M 0.0777
and
dl5
dR
= 1
2
(
M
R
)1/2 R − 4M
R − 2M
(
1− 2M
R
)−1/2
.
In Fig. 2 we plot the radial derivative of the angular momentum,
dli/dR , for each case. We see that the Paczyn´ski–Wiita potential, as
well as the Nowak–Wagoner potential, reproduce the exact value of
the marginally stable circular orbit provided by general relativity
(rms = 6M). We also see that all orbits are stable in the Newtonian
case, as expected.
Let us now deﬁne the eﬃciency E as the speciﬁc mechanical
energy of the particle in circular orbit computed at R = 6M [11],
namely
Ei ≡
∣∣ei(R = 6M)∣∣.
In Table 1 we summarize the results obtained for marginally
bounded orbits, marginally stable orbits, and eﬃciencies for all
cases analyzed here. We note that the smallest error (≈ 3%) for
the eﬃciency with respect to Schwarzschild occurs for the Nowak–
Wagoner potential. We emphasize that the correct value of the
Nowak–Wagoner potential eﬃciency is 0.0556 (and not the one
previously reported in the literature [6,11,15,16]).1
1 The wrong value for the eﬃciency of the Nowak–Wagoner pseudo-Newtonian
potential originally reported in Ref. [11] has been propagated to other works in the
literature, e.g., in Refs. [6,15,16].3. Emitted power in Minkowski spacetime
Next we compute the power emitted by a rotating source in
Minkowski spacetime in orbit around a central object. In polar co-
ordinates, the Minkowski line element is given by
ds2 = dt2 − dr2 − r2 dθ2 − r2 sin2 θ dϕ2.
The 4-velocity and the current of a point source following a
circular orbit in the plane θ = π/2, with radius R and angular ve-
locity Ω > 0 (as measured by static observers), are
uα(Ω, R) = γ (1,0,0,Ω),
J
(
xμ
)= q
R2γ
δ(r − R)δ(θ − π/2)δ(ϕ − Ωt), (7)
respectively, where γ = 1/√1− (RΩ)2 is the Lorentz factor.
We will consider the source J (xμ) minimally coupled to a
massless scalar ﬁeld Φˆ(xμ), with q being the magnitude of the
source-ﬁeld coupling, so that the total action is given by
Sˆ =
∫
d4x
√−η
[
1
2
∇αΦˆ(xμ)∇αΦˆ(xμ)+ J(xμ)Φˆ(xμ)
]
,
with η being the modulus of the determinant of Minkowski metric
ηαβ . The scalar ﬁeld operator Φˆ(xμ) can be written as
Φˆ
(
xμ
)=∑
l,m
∞∫
0
dω
[
uωlm
(
xμ
)
aˆωlm + u∗ωlm
(
xμ
)
aˆ†ωlm
]
,
with the positive-frequency modes being expanded in the form
uωlm
(
xμ
)=
√
ω
π
ψωl(r)
r
Yml(θ,ϕ)e
−iωt . (8)
Here ω > 0 is the frequency of the modes and (l,m) are their an-
gular momentum quantum numbers. The radial functions of the
modes obey the following equation
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− d
2
dr2
+ l(l + 1)
r2
)
ψωl(r) = ω2ψωl(r),
whose solution is ψωl(r) ∝ r jl(ωr), with jl(ωr) being the spherical
Bessel function [17].
We choose the initial state |0〉 to be the Minkowski vacuum,
i.e., aˆωlm|0〉 = 0, so that we can write the emission amplitude as
Aωlm = 〈1,ωlm|i
∫
d4x
√−η J(xμ)Φˆ(xμ)|0〉
= i
∫
d4x
√−η J(xμ)u∗ωlm(xμ). (9)
The emitted power, as measured by static observers, for a ﬁxed
angular momentum, is given by
WMlm =
+∞∫
0
dωω
|Aωlm|2
T
, (10)
with T = 2πδ(0) being the total time measured by these observers
[18]. Using Eqs. (7)–(10), we obtain the total power irradiated by
the source, namely
WM =
∑
l,m
2q2m2Ω2
γ 2
∣∣ jl(mΩR)∣∣2∣∣Yml(π/2,Ωt)∣∣2.
Using the following relation [19]:
∑
l,m
m2
[
jl(mξ)
]2∣∣Yml(π/2, φ)∣∣2 = 124π
ξ2
(1− ξ2)3 ,
we ﬁnd
WM = q
2
12π
α2,
where α = γ 2Ω2R is the 4-acceleration of the source. We note
that this result can also be obtained using Green’s function in the
classical ﬁeld theory framework.
We shall write the power irradiated by the point source in uni-
form circular motion as a function of M and Ω (i.e., asymptotic
variables). For this purpose, we need to write R = R(M,Ω), and
therefore we need to specify the interaction between the stellar
object and the swirling source, assuming Kepler’s third law. In the
Newtonian case, we have
R1 =
(
M
Ω2
)1/3
.
For the Paczyn´ski–Wiita ϕ2(r) and the Artemova et al. ϕ5(r) po-
tentials, the relations R = R(M,Ω) are, respectively, given by
R2 = 4M
3
+ 2
1/34M2Ω2
3χ1/3+
+ χ
1/3
+
21/33Ω2
,
R5 = 2M
3
− 2
1/34M2Ω2
3χ1/3−
− χ
1/3
−
21/33Ω2
,
with
χ± ≡ MΩ4
(±27− 16M2Ω2 + 3√3√27∓ 32M2Ω2 ).
For the Nowak–Wagoner ϕ3(r) and Artemova et al. ϕ4(r) poten-
tials, we need to ﬁnd the numerical solutions of the following
equations
(R3)
5 − M
2
(R3)
2 + 6M
2
2
R3 = 36M
3
2
,Ω Ω Ωand
(R4)
6 − 2M(R4)5 = M
2
Ω4
,
respectively.
The power emitted by the particle following uniform circular
motion around the stellar object for the different potentials can be
written as
WMi =
q2Ω4γ 4i R
2
i
12π
, (11)
where γi = 1/
√
1− (RiΩ)2.
4. Emitted power in Schwarzschild spacetime
Let us now compare the emitted power in Minkowski space-
time, obtained using pseudo-Newtonian and Newtonian potentials,
with the emitted power in Schwarzschild spacetime, obtained in
the framework of quantum ﬁeld theory in curved spacetimes. The
total power, as measured by asymptotic static observers, emitted
by a particle circularly moving on the plane θ = π/2, at r = RS ,
with constant angular velocity Ω > 0, is [19,20]:
W S =
∑
n,l,m
2q2m2Ω2
[
f (RS) − R2SΩ2
]
× |ψ
n
ωl(RS)|2
R2S
∣∣∣∣Ylm
(
π
2
,Ωt
)∣∣∣∣
2
. (12)
Here the set (n, l,m) stands for the ﬁeld quantum numbers, q is
the coupling constant, f (RS ) = 1 − 2M/RS , and ψnωl(r) obeys the
equation[
− f (r) d
dr
(
f (r)
d
dr
)
+ V S
]
ψnωl(r) = ω2ψnωl(r),
with the following scattering potential
V S =
(
1− 2M
r
)[
2M
r3
+ l(l + 1)
r2
]
.
The index n stands for the two independent sets of solutions,
which are the incoming modes from the past horizon H− and
from the past null inﬁnity J − , labeled by n =→ and n =←, re-
spectively.
The ratio W S/WMi is plotted in Fig. 3, with the angular mo-
mentum summation in Eq. (12) performed up to l = 5. We see that,
up to this angular momentum contribution, in almost all cases the
emitted power obtained with the use of the potentials (1)–(5),
is bigger than in the Schwarzschild case. The exception happens
only for the power emitted in the case of the Nowak–Wagoner
pseudo-Newtonian potential, from orbits asymptotically far from
the central object up to the orbit with MΩ ≈ 0.02. Also, we see
that, for all stable circular orbits according to general relativity
(0 < MΩ < 0.068), the Nowak–Wagoner pseudo-Newtonian poten-
tial is the one that gives the closest results to the Schwarzschild
case (for orbits with 0 < MΩ < 0.02, the powers emitted in these
two cases are numerically very close). However, for unstable or-
bits according to general relativity (0.068 < MΩ < 0.192), none
of the pseudo-Newtonian potentials studied here gives satisfactory
results. We also see that the Paczyn´ski–Wiita pseudo-Newtonian
potential, the most used in literature to analyze accretion disks,
happens to be the worst approximation to the Schwarzschild case,
among the potentials in this study. The fall of the ratios W S/WMi
in Fig. 3 close to ΩM = 0.192 (R = 3M), is a consequence of the
fact that the summations in the angular momentum have been
510 L.C.B. Crispino et al. / Physics Letters B 697 (2011) 506–511Fig. 3. The ratio between the emitted power in Schwarzschild spacetime [W S , given by Eq. (12)] and in Minkowski spacetime, obtained using Newtonian and pseudo-
Newtonian potentials [WMi , given by Eq. (11)], is plotted as a function of Ω , considering angular momentum contributions in Eq. (12) up to l = 5.performed up to a maximum value of l [20]. As the source ap-
proaches R = 3M (rotating around the black hole in unstable cir-
cular orbits according to general relativity), the emitted particles
can be very energetic, with small wavelengths compared to the
black hole radius, and hence higher contributions of the angular
momentum have to be considered.
The scalar ﬁeld provides the simplest radiation emission case
which allows to capture some of the essential features of the ra-
diation emission problem for the electromagnetic and gravitational
ﬁelds. It has been obtained numerically that the total electromag-
netic power emitted by a charge rotating around a Schwarzschild
black hole is basically twice the result for a source coupled to
a massless scalar ﬁeld in the same situation [21]. Therefore, the
same conclusions of the present study, regarding the use of the
pseudo-Newtonian potentials to investigate the radiation emission
from a source rotating around a Schwarzschild black hole, shall
hold for the electromagnetic case.
5. Conclusion
In this Letter we investigated the use of pseudo-Newtonian po-
tentials in the computation of the radiation emitted by a parti-
cle in circular motion around a stellar object. We computed the
power emitted by a scalar source swirling around a stellar ob-
ject in Minkowski spacetime, assuming the gravitational interac-
tion to be given by the pseudo-Newtonian potentials proposed by
Paczyn´ski–Wiita, Nowak–Wagoner, and Artemova et al., as well as
by the Newtonian potential. The Paczyn´ski–Wiita and the Nowak–
Wagoner potentials reproduce the same radial value obtained by
general relativity for the marginally stable circular orbit (rms =
6M), and the Paczyn´ski–Wiita is the only pseudo-Newtonian po-
tential that reproduces the same radial value (as in general relativ-
ity) for the marginally bounded circular orbit (rmb = 4M).
We compared the results of the emitted power obtained us-
ing the pseudo-Newtonian potentials with the power emitted by a
scalar source orbiting a Schwarzschild black hole, obtained using
the framework of quantum ﬁeld theory in curved spacetimes. We
found that, for stable circular orbits, the Nowak–Wagoner pseudo-Newtonian potential results are the ones that better resemble the
Schwarzschild results. For unstable circular orbits, none of the
pseudo-Newtonian potentials considered in our study produces
satisfactory results. The Paczyn´ski–Wiita potential, the most used
pseudo-Newtonian potential in the literature to analyze accretion
disks, generates the least satisfactory results for the radiation emis-
sion problem investigated here.
Although being eventually good approximations for some sit-
uations in the context of accretion disks, we have shown in the
present study that pseudo-Newtonian potentials do not produce
satisfactory results for the radiation emitted by relativistic parti-
cles orbiting black holes.
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